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Abstract: Volatility forecasting has a critical role in pricing options. The paper compares different
models on projection theoretically and then discusses the process of conducting derivational HAR-
RV models selected. The core of the models is established under the concept of realised volatility
based on high-frequency data, which provides more accurate and precise values. Nowadays, HAR-
RV is the most commonly used model to predict volatility. The review gives an insight into the
difference between models and within the HAR-RV model group. In addition, the paper also proposes
potential developing and improving paths. The research on volatility forecasting should be advanced
uninterruptedly, since volatility is a decisional part of the option

1. Introduction

Modelling and forecasting for financial assets are some of the most significant and core discussions
in academic and practice fields. Volatility is a statistical measure of the dispersion of returns and
uncertainties of a security or market index, which is highly applied in modeling. The predicted value
of volatility may influence the decisions by investors on option trading, risk management, asset
allocation, etc. Stein [1] stated the memorability of the trend of volatility, which means that the
volatility does not change sharply from the original fluctuating range and previous direction in the
short run. Rubinstein [2] and Engle and Ng [3] found the leverage effect, the negative correlation
between an asset’s return and its volatility. They also illustrated that the enormous fluctuation appeared
if there was any big news. Volatility clustering is another property of volatility. Cont [4] suggested
that the volatility keeps a more significant value in a period and stays at a relatively small value in
some other duration.

Models like GARCH (General autoregressive conditional heteroskedasticity) and SV (Stochastic
volatility) are used in the early stage. They are supposed to provide less convincing and accurate results
on volatility research because of low-frequency data [5] which are defined as the daily and weekly
data, even monthly and annual data. And High-frequency data is recognised as data in one day, mainly
collected each hour, each minute, and even each second. Andersen used high-frequency option prices
and Bollerslev [6] to introduce realised volatility (RV), which had few errors in results compared with
actual historical data. Corsi [7] proposed the heterogeneous autoregressive model with realised
variance (HAR-RV model) based on the Heterogeneous Market Hypothesis. This model described and
characterised the long memory of RV. In 2009, Coris [8] discovered the influence of RV by the
composition of daily, weekly, and monthly RV by autoregressive process, which stated the continuity
of volatility. Andersen et al. [8] decomposed realised volatility into continuous sample path variation
and discontinuous jump variation based on the HAR-RV model. They constructed HAR-RV-J and
HAR-RV-CJ models, which had greatly improved the accuracy of prediction to future volatility. Black
and Scholes [9] obtained the B-S option pricing model using the non-arbitrage pricing principle based
on the Risk neutral assumption, which was achieved to estimate volatility. Britten-Jones and
Neuberger [10] proposed a model-free method of volatility projection to exclude the impact and errors
caused by models. Fair and Shiller [11] suggested the inclusion of regression, which is applicable to
compare each model's information.
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Inspired by the existing studies and researches, in this paper, I discuss different models on volatility
research and review the development of HAR models especially. Section 2 introduces the models
studying volatility forecasting. In Section 3, there is a discussion of the development of HAR models.
And Section 4 presents some of the potential research paths on volatility.

2. Models on Volatility Study

During the past half-century, researchers have investigated deeply and established different models.
The model can be divided into four types, GARCH, SV, Implied Volatility, and HAR-RV. The implied
volatility methods estimate future volatility relied on option trading data for projection of future
volatility. And the other three types of models use historical stock return data.

2.1. GARCH Model
2.1.1. Traditional GARCH Model

Engle [12] proposed Auto Regressive Conditional Heteroscedasticity Model (ARCH model) based
on variance. Later, Bollerslev [13] raised the Generalised ARCH Model (GARCH Model). Then
researches came out with different improved models, including Integrated GARC, Asymmetric
GARC, Exponential GARC, etc. In these GRACH models, the equations of the rate of return are the
same. The difference exists in the method of how residuals are measured. GARCH model shows the
clustering of time series.

GARCH models assume that the rate of return satisfies that:

Rt = |.lt+€t (1)

where p, is the expected rate of return, &, is the volatility. Notice that for the variance ¢,? and
the standard normally distributed innovation sequence z;, their relation can be expressed as:

& = 01Z¢ (2)

Usually, it assumes that the variance satisfies the following condition:

p q
o, = w+2ai£2t_i +Z,8j02t_j 3)
i=1 =1

where @ > 0; forall i >0, j>0; a; >0 and f; = 0; ymax.a) o +B <1

i=1,j=1
2.1.2. Realised GARCH Model

According to Andersen, etc. [6], realised volatility (RV) is defined as the summation of squares of
the high-frequency rate of return. The RV on trading day Day t can be expressed as:

n
RV, = Zrzt,j (4)

i=1
where 1 ; isthe log return on Day t time duration j, which the time duration is divided into n parts.
The traditional GARCH Model selects daily data to model volatility, which may ignore significant

changes in days. Hansen [14] proposed Realized GARCH model based on high-frequency data by
combining RV and GARCH model.

2.2.SV

In the GARCH maodel, outliers would influence variances, which leads to unstable and less accurate
volatility. The Stochastic Volatility Model (SV) is more stabilised as variances follow the stochastic
process. Clark [15] first proposed the concept of the Stochastic Volatility Model. Inspired by Brownian
motion, he suggested expressing log price as:
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M, = VV‘ct (5)

where t > 0, W refers to Brownian motion, and t is the change of time. W and t are independent,
and thus, M|t ~ N(0,t;). After adding the adequate remuneration to compensate M [5], the log
pricing model of asset is recognised: Y = M + A.

2.3. Implied Volatility
2.3.1. Black-Scholes Option Pricing Model

Black and Scholes [9] invented the risk-neutral argument and demonstrated the European option
pricing model, the Black-Scholes model. They introduced a mathematical equation to find the
theoretical value of European-style options, taking account of the impact of time and other risk factors.
The well-known Black-Scholes formula is:

C =S,N(d) —Ke TT-YN(d,) (6)
where
1 S, a?
d, = ﬁ [l‘l’l (E) + <T' + 7) (T — t)l (7)
dy=d;, —oVT —t (8)

The notation used here are defined:
C: the price of call option
r: the annualised risk-free interest rate;
S;: the price of the underlying asset at time t;
t: the time
T time of option expiration;
o the standard deviation of returns, i.e., the implied volatility
K: the strike price of the option
From the formula, it is noticeable that there exist seven parameters, and six of them can be recorded
directly from the real market. Therefore, by applying the procedure, the volatility can be conducted
reversely.

2.3.2. Model-Free Implied Volatility

The assumptions in the Black-Scholes model are ideal and cannot be achieved in a real-life market.
In 2020, Britten-Jones and Neuberger [10] pointed out that model-free implied volatility depends on
the current option price and is independent of the model used. Hence, it can prevent errors resulting
from the inaccuracy of the model.

Generally, the model-free implied volatility is equal to the expected sum of squared returns under
a risk neutral measure. To be more accurate, assume T to denote a limited time duration, h to denote
the time interval, S, to denote the initial stock price, S; to denote the stock price at time t, K to
denote the strike price and C to denote the call option price. The strike price K is defined as K =
{L:K =Sok',i =0,41,42,..,+M}, and k > 1.

E[max(S; — K,0)] = C(t,K),t € T,K € K 9)
LrdSn\*l . [P C(t,K) —max(S, — K,0)
EUO () ]_ 2]0 - dK (10)

The above expressions can derive the implied volatility by using the definition of variance o2 =
E[X?] — E[X]>.
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2.4. HAR-RV Model

Muller et al. [16] first introduced the Heterogeneous Market Hypothesis (HMH) in 1993. The
hypothesis believes that different participants in the heterogeneous market have different
characteristics. Since traders differ in risk preference, regulations, time horizons, etc., they might
interpret the same information given differently and make distinct responses to opportunities.

Based on HMH, Corsi [7] proposed a Heterogeneous Auto-Regressive of Realised Volatility model
(HAR-RV). There exist three types of traders in the market, different from the length of the trading
time, daily, weekly and monthly. Their behaviours can be detected by daily realised volatility (RV;),
weekly realised volatility (RVW,), and monthly realised volatility (RVM,), respectively. The weekly
RV is the average value of RV for the past five days, and the monthly RV is the average value of RV
for the past twenty-two working days like shown below:

1
RVW, =< (RV; + RVe_y + RVe_3 + RVi_s + RV;_4) (11)

1
RVMt = i(RVt + RVt—l + RVt—Z + + RVL’—ZO + RVt_21) (12)

The core model expression is:
RVey1 = C + B4RV, + ByRVW, + B, RVM, + @, (13)

where S are parameters, @ represents errors, and C is a constant.

3. The Development of HAR-RV Model
3.1. Leverage Effect

Bollerslev et al. [17] tested the leverage effect in high-frequency data in 2006. In 2008, considering
the inherent clustering of the volatility of residuals in HAR models, Corsi et al. [18] interpreted the
volatility of RV by giving a GARCH complement to the HAR models and hence introduced the HAR-
GARCH model. In 2010, Corsi and Reno [19] included the issue that the probability of the volatility
increasing after a negative shock is higher than after a positive shock with identical conditions and
thus, constructed the HAR-L model.

Besides, Asei et al. [20], Corsi and Reno [19], and Gong and Lin [21] had proved strongly that the
inclusion of the leverage effect could contribute to a better forecasting result for RV.

3.2. Structural Breaks

Hammoudeh and Li [22] found that the change of the rate of return, i.e., volatility, don't vibrate in
a fixed range. There existed such a structural change that the change led to the outliers being out of the
range. The structural change reduces the continuity of the volatility in the market and consequently
highly impacts the prediction result.

Ewing and Malik [23] tried to include the factors of structural breaks in their research of the
GARCH model on volatility. They found that the GARCH model considering structural changes
performed better in the interpretation and projection of volatility. Inspired by that, Gong et al. [24]
combined leverage effect and structural breaks and succeeded in improving the accuracy by adding
the two factors.

3.3. Examples of Further HAR-RV Model

In the past twenty years, researchers have proposed and constructed many different improved
models based on the core idea of the HAR-RV model. Here, we introduce the three types of models,
which are conducted progressively.
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3.3.1. HAR-RV-J

HAR-RV model reflects the characteristics of volatility in view of the long term. However, the
partial regression coefficient measured the influence on the market's whole volatility by specific
traders. Thus, Andersen et al. [8] introduced discontinuous jump variation to the HAR-RV model and
constructed HAR-RV-J:

RViy1 = C + BaRV: + By RVW; + B, RVM; + B;]; + @, (14)
where | refers to the jumping variance.
3.3.2. HAR-RV-CJ

Andersen et al. [8] constructed the HAR-RV-CJ model based on the HAR-RV-J model and
significant jump detection tests proposed by Huang and Tauchen [25]. They defined that significant
jump component as:

cJ, =1(Z, > ®,)[RV, — RBV,] (15)

where parameters:
RVW, is the realised bipower variance, defined as:

1

A
BV, = ui? er(t—1)+]'*A
=2

t
|7 -1+ (=174l —>f o?(s)ds (16)

0

®, represents the number at 1/ a position on standard normal distribution;
Z, isthe statistical value of significant jump detection tests from Huang and Tauchen [25], defined
as:

1 RV, — RBV,)*RV; 1
Zt — 5—5 ( t t) t (17)

[Ea e

TQ, refers to the realised tripower quarticity, defined as:
1

A
TQ: = A‘luf er(t—1)+j*d
3 =2
By using the above expressions, it is simple to have the continuous RV under different significant
levels, which the continuous RV is defined as:
CRVyoq = 1(Zy < @y) RV, + (Z, > ®,) - RBV;
CRV,, negated the impact of fluctuation of significant jump on RV. Therefore, the HAR-RV-CJ
model is obtained:

RViy, = C + B4CRV, + B, CRVW, + B CRVM, + B;CJ; + w, (19)
3.3.3. HAR-RV-TCJ

Corsi et al. [26] showed that when the continuous jump appeared highly frequently in high-
frequency data, Z, proposed by Huang and Tauchen [25] might not be able to detect some jumps.
Therefore, Corsi et al. [26] introduced corrected Realized Threshold Multipower (C_TMPV) to give a
corrected Z;, denoted by CT_Z,.

More detailed and further discussions on these two variables can be found in the research by Corsi
et al. [26]. According to the tests of CTy,, the significant jump component should be redefined as:

t
71+ =1 al [T =1+ =2y 2] —>f o*(s)ds (18)
0

TCJ, = 1(CTz, > ®,)[RV, — RBV,] (20)
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Also, redefine the continuous RV as:

TCRV,q = I(CTy, < ®,) - RV, + (CTz, > ®,) - RBV, (21)
Eventually, the HAR-RV-TCJ model’s expression is:
RV;y1 = C + B4TCRV; + B, TCRVYW, + B,,TCRVM, + B;TCJ; + @, (22)

4. Future Research Expectation

Looking at the current researches published, mainly the reviews of models focus on the financial
index or limited range of futures markets like crude oil and copper. This is because the price of crude
oil and copper constantly fluctuate the most and have the most significant impacts on other markets
and industries. For example, Gong and Lin [27, 28] explored volatility forecasting with structural
breaks of copper futures and crude oil futures in 2018. However, with the deep investigation in the
futures market, different research areas may be divided for each commaodity.

It is always expected to enhance accuracy. A good example is that Cai and Xiang [29] found that
the traditional RV is sensitive to the microstructure noise existing in the copper futures market.
Therefore, they employed the model incorporating generalised realised measures and VaR.
Microstructure noise is a crucial factor that results in ineligible errors in the prediction. More
methodologies are welcomed to be conducted to negate microstructure noise.

Not mentioned in this paper, but in 2020, Maki and Ota [30] demonstrated the introduction of
asymmetric properties of RV to models. They claimed the significance of asymmetry but have not
recognised the exact unique type of asymmetry which is the most critical to the models.

5. Conclusion

This paper reviews different fundamental models for volatility forecasting and discusses the HAR-
RV model and its derivational models. I introduce the mechanisms of the GARCH model, SV model,
Black-Scholes Option Pricing Model, Model-Free Implied Volatility, and HAR-RV model. The HAR-
RV model is a simple concept but can be derived into different complex models and combined with
other methods. As fundamental derived models, HAR-RV-J, HAR-RV-CJ and HAR-RV-TCJ are
presented by the process of derivation. Although there are many models and improved versions, the
accuracy of forecasted volatility still needs to be improved. There are still areas hidden behind models.

The paper is based on the present outcomes by other researchers, and the models mentioned are not
practised with real-life data to verify the properties claimed. Moreover, there are more complicated
models like the Vector autoregression model (VAR) and HAR-RV-RS model based on state space.
These two types of models add another dimension to simplify or strengthen their original models,
respectively. Additionally, we have not analysed the HAR-RV-GARCH model, which combines the
HAR-RV model and GARCH model.
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